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Abstract 

In this article we study the tangent cones at first time singularity of a 
Lagrangian mean curvature flow. If the initial compact submanifold Eo is 
Lagrangian and almost calibrated by ReO in a Calabi-Yau ra-fold (M, Q), and 
T > is the first blow-up time of the mean curvature flow, then the tangent 
cone of the mean curvature flow at a singular point (Xq ,T) is a stationary 
Lagrangian integer multiplicity current in R 2n with volume density greater 
than one at Xq. When n = 2, the tangent cone consists of a finite union of 
more than one 2-planes in R 4 which are complex in a complex structure on 
R 4 . 

1 Introduction 

Let M be a compact Calabi-Yau manifold of complex dimension n with a 
Kahler form u>, a complex structure J, a Kahler metric g and a parallel holo- 
morphic (n, 0)-form Q of unit length. An immersed submanifold £ in M is 
Lagrangian if lu\z = 0. The induced volume form d^s on a Lagrangian sub- 
manifold £ from the Ricci-flat metric g is related to £1 by 

f2|s = e^d^s = cos 8dfi£ + i sin Od^s, (1) 
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where the phase function 9 is multi-valued and is well-defined up to an additive 
constant 2kn,k 6 Z. Nevertheless, cos# and sm9 are single valued function 
on S. For any tangent vector X to M a straightforward calculation shows 

X9 = -g(H, JX) (2) 

where H is the mean curvature vector of S in M (cf . [HL] , [TY] ) . Equivalently, 
H = JV9. The Lagrangian submanifold S is special, i.e. it is a minimal 
submanifold, if and only if 9 is constant. When 9 is constant on a Lagrangian 
submanifold S, the real part of e _ ^J7 is a calibration of M with comass one 
and S is a volume minimizer in its homology class [HL]. Let Ref2 be the real 
part of VL. A Lagrangian submanifold is called almost calibrated by ReQ if 
cos# > 0. 

Constructing minimal Lagrangian submanifolds is an important but very 
challenging task. In a compact Kahler-Einstein surface, Schoen and Wolfson 
[ScW] have shown the existence of a branched surface which minimizes area 
among Lagrangian competitors in each Lagrangian homology class, by varia- 
tional method. 

For a one-parameter family of immersions Ft = F(-,t) : S — ► M, we denote 
the image submanifolds by S t = F t (E). If S t evolves along the gradient flow 
of the volume functional, the first variation of the volume functional asserts 
that S t satisfy a mean curvature flow equation: 



d 
t 

F(x,0) =F {x), 



-F(x,t)=U(x,t) (3) 



When £ is compact the mean curvature flow (3) has a smooth solution 
for short time [0, T) by the standard parabolic theory. If So is Lagrangian 
in a Kahler-Einstein ambient space M, Smoczyk has shown that St remains 
Lagrangian for t < T and the phase function 9 evolves by 

where A is the Laplacian of the induced metric on ([Sml-3], also see [TY] 
for a derivation of (4)). It then follows that 

^^ = Acosfl + |H| 2 cos#. (5) 
ot 

If the initial Lagrangian submanifold So is almost calibrated, S< is almost 
calibrated, i.e. cos 9 > 0, along a smooth mean curvature flow by the parabolic 
maximum principle. 

It is well-known that if |A| 2 , where A is the second fundamental form on 
Sf, is bounded uniformly as t — > T > then (3) admits a smooth solution over 
[0, T + e) for some e > 0. When max£ t | A| 2 becomes unbounded as t — ► T, we 
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say that the mean curvature flow develops a singularity at T. A lot of work 
has been devoted to understand these singularities (cf. [CL1-2], [El-2], [Hl-3], 
[HS1-2], [II], [Wa], [Whl-3].) 

In this paper, we shall study the tangent cones at singularities of the mean 
curvature flow of a compact Lagrangian submanifold in a compact Calabi- 
Yau manifold. Especially, we shall focus on the structure of tangent cones of 
the mean curvature flow where a singularity occurs at the first singular time 
T < oo. 

To describe the tangent cones, suppose that (Xo,T) is a singular point of 
the flow (3), i.e. |A(x,t)| becomes unbounded when (x,t) — > (Xq,T). For an 
arbitrary sequence of numbers A — ► oo and any t < 0, if T + X~ 2 t > we set 

F x (x,t) = X(F(x,T + X' 2 t) - X ). 

We denote the scaled submanifold by (E^,d^). If the initial submanifold is 
Lagrangian and almost calibrated by Ref2, it is proved in Proposition 2.3 that 
there is a subsequence Aj — > oo such that for any t < 0, (E**,^//*') converges 
to (E°° ,d/j,°°) in the sense of measures; the limit S°° is called a tangent cone 
arising from the reseating A, or simply a A tangent cone at (Xq,T). This 
tangent cone is independent of t as shown in Proposition 2.3. 

There is also a time dependent scaling which we would like to consider 

where s = — | log(T — t), cq < s < oo. Here we have chosen the coordinates so 
that Xq = 0. Rescaling of this type arises naturally in classification of singular- 
ities of mean curvature flows [H2]: assume lim t _^ T - maxs t |A| 2 = oo, if there 
exists a positive constant C such that limsup t ^< r - ((T — t) maxj; t |A| 2 ) < C, 
the mean curvature flow F has a Type I singularity at T; otherwise it has a 
Type II singularity at T. Denote S s the rescaled submanifold by F(-, s). If a 
subsequence of S s converges in measures to a limit Eqo, then the limit is called 
a tangent cone arising from the time dependent scaling at (Xq,T), or simply 
a t tangent cone. In this paper, a tangent cone of the mean curvature flow at 
(X ,T) means either a A tangent cone or a t tangent cone at (X ,T). 
The main result of this paper is 

Theorem 1.1 Let (M, fi) be a compact Calabi-Yau manifold of complex di- 
mension n. If the initial compact submanifold So is Lagrangian and almost 
calibrated by ReVL, and T > is the first blow-up time of the mean curvature 
flow (3), and (Xq,T) is a singular point, then the tangent cone of the mean 
curvature flow at (Xq,T) is a stationary Lagrangian integer multiplicity cur- 
rent in R 2n with volume density greater than one at Xq. When n = 2, the 
tangent cone consists of a finite union of more than one 2-planes in R 4 which 
are complex in a complex structure on R 4 . 
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For symplectic mean curvature flow in Kahler-Einstein surfaces, results 
similar to Theorem 1.1 was obtained in [CL1]. The authors are grateful to 
Professor Gang Tian for stimulating conversations. 



2 Existence of A tangent cones 

This section contains basic formulas and estimates which are essential for this 
article. First, we will derive a monotonicity formula which has a weight func- 
tion introduced by the ra-form ReO. Second, we use the monotonicity formula 
to derive three integral estimates, which roughly say that when averaged over 
any time interval the mean curvature vector and the phase function cos 9\ 
both tend to in I? norm over a fixed ball near the singularity, as A — > oo. 
Another direct consequence of the monotonicity formula is that there is an 
upper bound of the volume density of the rescaled submanifolds which 
allows us to extract converging subsequence in measure. 



2.1 A weighted monotonicity formula 

Let H(X.,X.Q,to,t) be the backward heat kernel on H k . Let N t be a smooth 
family of submanifolds of dimension n in R fe defined by F t : N — > H k . Define 



p(X,t) 



(47r(to-t)) (fe - n)/2 ^(X,X ,to,0 
exp 



1 I |X-X | 2 



(47T(t " t))"/ 2 



4(t - 1) 



(7) 



for t < to- 

A straightforward calculation (cf. [CL1], [HI], [Wa]) shows 



d 

dt P 



n 



H (X - X ) 



|X-Xnl 2> 



and along Nt 
Ap 



\2(t -t) 2(t -t) 4(i -t) 2 
(X-X ,VX)| 2 (X-X ,AX) 



VXI 



4(t - tf 



2(t - 1) 



2(to - 1) 



where A, V are on Nt in the induced metric. Let Nt = E( be a smooth 
1-parameter family of compact Lagrangian submanifolds in a compact Calabi- 
Yau manifold (M, Q) of complex dimension n. Note that in the induced metric 
on Si 

|VF| 2 = n and AF = H. 

Therefore 



H + 



(F - X ) 



2(t - t) 



- IHI 



(8) 
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On T, t we set 



v = cos 9. 



Denote the injectivity radius of (M,g) by %m- For Xo G M, take a normal 
coordinate neighborhood U and let (ft £ Cq° (-E?2r(Xo)) be a cut-off function 
with (ft = 1 in i? r (Xo)), < 2r < ijv/ . Using the local coordinates in U we may 
regard F(x, t) as a point in R 2n whenever F(x, t) lies in U. We define 

*(Xo,t ,t)= / -<ft{F)p(F,X ,t,t )dnt 
where p is defined by (7) by taking k = 2n. 

Proposition 2.1 Let F t : S — > M be a smooth mean curvature flow of a 
compact Lagrangian submanifold T,q in a compact Calabi-Yau manifold M of 
complex dimension n. Suppose that T,q is almost calibrated by ReQ. Then there 
are positive constants c\ and C2 depending only on M , Fq and r which is the 
constant in the definition of (ft, such that 



d_ 

di 



< 



O civto— t 



[ -(ftpdp t 



2\Vv\ 



+ 



H + 



(F - X ) 



2{t - 1) 



+ 



+c 2 e' 
Proof. Notice that 



ciV*o— t 



(9) 



AF = H + g lJ TfjV a 

where v a ,a = 1, ...,n is a basis of T^St, g^ is the induced metric on and 
Tfj is the Christoffel symbol on M. Equation (8) reads as 



H + 



(F - X ) 



2(*o - *) 



g^ a -(F-X ) 
t -* 



p. (10) 



/^From (5) we have 



and 



Moreover 



— - - A- 

<9i v v 



IHI 



2|Vu| 



d(ft(F) 
dt 



\K\ 2 dp t 



= V0-H. 
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Now we have 
at J v 



= [ 4>pA- — [ (E + l|V W | 2 Up+ / -V^-Hp 



-</> \Ap + 
s t v 



H + 



(F - X ) 



2(t - t) 



g»r? jVa • (F - Xp) 
11 *o-t 



-<MH| 



< 



:|V^| 2 + 



1 



H + 



(F - X ) 



2(*o - *) 



+ 



IHI 



+ / UpA- - -<f>Ap 
+ / -p(e 2 0|H| 2 + 



1 , ^I> Q • (F - Xq) 



St v 
1 |V</>| 2 \ 



(11) 



where we used Cauchy-Schwartz inequality for V^> • H. By Stokes formula 

/ ( <ppA- - -4>Ap] = 2 f -V<fNp+ [ -pA</>. 
JstK v v ) Jz t v JT, t v 

Since 4> £ Co°(i?2r(Xo), R + ), we have (cf. Lemma 6.6 in [II]) 

^<2ma X |V 2 0|. 

(j) ' <p>0 

Note that V0 = in B r (K ), so \pA(f>\ and |V0- Vp| are bounded in £> 2r (Xo). 
Hence 

/ -pAcf) + / -Vcp ■ Vp < C / -d/it < — — vol(Eo) (12) 
Js t v JY> t v Js t f min So v 

where C depends only on r, max(|V 2 0| + |V</>|). 

Since rg(Xo) = 0, we may choose r sufficiently small such that 

|^rg.(F)|<C|F-X | 
in i?2r(Xo) for some constant C depending on M. We claim 



to — i yto — t 

In fact it suffices to show for any x and s > 

1 e-^/A 



(13) 



^2 g x J s 



s s 



n/2 



< C 1 + 



a l/2 s n/2 
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To see this, let y = x 2 /s and then it is easy to verify that 



y < c + -jn) 



holds trivially if y < l/s 1 / 2 and follows from y n+l < Ce y if y > 1/s 1 / 2 for 
some C. So (13) is established. 

Letting e 2 = 1/2 in (11) and applying (12), (13) to (11) we have 



dt ~ 





2\Vv\ 2 


/s t V 





H + 



(F - X ) 



2(t -t) 



+ 



IHI 



+ 



Cl 



* + c 2 . 



The proposition follows. Q.E.D. 

Suppose that (Xq,T) is a singular point of the mean curvature flow (3). 
We now describe the rescaling process around (Xq,T). For any t < 0, we set 



F x (x,t) = X(F(x,T + \- 2 t) - X Q ) 



(14) 



where A are positive constants which go to infinity. The scaled submanifold 
is denoted by = F x (E,t) on which d/j, x is the area element obtained from 
d^if If 9 X is the metric on S^, it is clear that 



We therefore have 



9ij = >?9ij, 

9F\ 
dt 
H A 
|A,I 2 



(g x ) 13 = \- 2 g l] - 

OF 

■ A dt 

A X H 

: A- 2 |A| 2 . 



It follows that the scaled submanifold also evolves by a mean curvature flow 

dF x 



at 



H> 



(15) 



Moreover, since 



drf(F x (x,t)) = \ n d^ t {F{x } T + \- 2 t)) 
nU(F x (x,t)) = \ n n\x t (F(x,T + \~ 2 t)) 



we have 



cos6 x {F x (x,t)) = cos6{F(x,T + X~ 2 t)). 
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2.2 Integral estimates 

Proposition 2.2 Let (M, fi) 6e a Calabi-Yau manifold of complex dimension 
n. If the initial compact submanifold is Lagrangian and is almost calibrated by 
Refl, then for any R > and any — oo < si < S2 < 0, we have 

[ 2 [ \Vcos6 x \ 2 d^dt^0 as A -> oo, (16) 

J si JT.^nB R (Q) 

[ 2 [ \H x \ 2 drfdt -► as A -► oo, (17) 



and 



[ S2 [ \F£\ 2 df4dt -> as A^oo. (18) 



Proof: For any i? > 0, we choose a cut-off function 0r £ Cq^(B2r(0)) with 
0r = 1 in Bji(0), where -B r (0) is the metric ball centered at with radius r in 
R 2n . For any fixed t < 0, the mean curvature flow (3) has a smooth solution 
near T + \~ 2 t < T for sufficiently large A, since T > is the first blow-up time 
of the flow. Let v\ = cos9\. It is clear 



L 



1,, P , 1 ( \F(x,T + X-H)-X \ 2 \ 

0(^-0 7^ im , w9*\W9 ex P 77^ rrr , x -2^ ^ 



/s T+A _ 2t ^ Ay (T - (T + A"2t))»/2 — ^ 4(T - (T + A-^t)) 



where is the function defined in the definition of Note that T + A 2 t —> T 
for any fixed i as A — > oo. By the weighted monotonicity formula (9), 

9 / „,./7—F^\ . c X y/t^l 



° ^ciVkTt^ < C2e c 



dt 

and it then follows that lim t ^. to e Clv/ *°~*\l/ exists. This implies, by taking to = T 
and i = T + A~ 2 s, that for any fixed Si and S2 with — oo < si < s 2 < 0, 

e c ly /T-(T+X-*s 2 ) f J_ , 1 (_ \ d X 

MvJ K {0-s 2 ) n / 2 y \ 4(0 - 82 ) J Msa 



_ eC1 VT-(T + A- 2si ) f J_ , L—-exp - A } Fxl - ) d& 

v x VH (0 - si)"/ 2 p ^ 4(0 - si) y 

-► as A ^ oo. (19) 
Integrating (9) from T + A~ 2 si to T + A~ 2 S2> and letting T + A~ 2 s = i, we get 



E A ^A^(0- S2 )"/ 2 ^V 4(0 -82 



exp — — dfi 
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> 



> 



1 4 ^ R W^ ^ (" 4(^10 ) ^ 



+e 



2|Vv| 



-c 2 A (s 2 - si 

fS2 



H + 



(F-X c 



2{-s) 



p g<2 p 1 I T T 1 2 

/ e^^^ ^(F A>a )i-^-d M : 

Jsi JSJ «A 2 



2(T - t) 



fS2 

b/ e 

/si 

+ 

'Si 

-c 2 A~ 2 (s 2 - si). 
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From (19) and (20) the proposition follows. 



|H| 2 . , 
+- — — I dfj, t 



(20) 
Q.E.D. 



2.3 Upper bound on volume density 

Now we show the existence of the A tangent cones by deriving an finite upper 
bound for the volume density. These cones are independent of t, but may 
depend on the blowing up sequence A. 

Proposition 2.3 Suppose that Y> t evolves along mean curvature flow and So 
is a compact Lagrangian submanifold in (M, £1) and is almost calibrated by 
Re£l. For any A, R > and any t < 0, 



^(E t A n B fl (0)) < CR n , 



(21) 



where -Br(O) is a metric ball in R 2n and C > is independent of X. For any 
sequence Aj — > oo, there is a subsequence — > oo sitc/t i/tai (£* fc ,/x Afc ) — > 
(S 00 ,/^ 00 ) in i/ie sense of measure, for any fixed t < 0, where (S 00 ,// 00 ) is 
independent oft. The multiplicity of S°° is finite. 

Proof: We shall first prove the inequality (21). We shall use C below for 
uniform positive constants which are independent of R and A. Straightforward 
computation shows 



^(E* n b r (0)) = A 



'k 

R n (\- 1 R)- n J 

"k 



-2 t nB x _ lR (x ) 



dfj, t 



< CR 



S T+A-2in-B A -l fl (^l)) 

1 1 



nB x . lR (x ) v x (4vr)™/ 2 (A-i^ 
= CR n ^(X , T + (A^i?) 2 + \~ 2 t, T + A" 2 t). 



-e *& =T «Pdnt 
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By the weighted monotonicity inequality (9), we have 

rf(^nB R (0)) < CR n ^(X ,T + (A _1 i?) 2 + \~ 2 t, T/2) + CR n 

< Tg&rtf C R n + CR\ 
T n ' 2 minx;,, v 



d_ 
di' 



Since volume is non-increasing along mean curvature flow: 

;IH(Et) = - |H| 2 d^, 

we have therefore established (21): 

n B fl (0)) < CR n . 

By (21), the compactness theorem of the measures (c.f. [Sil] , 4.4) and a 
diagonal subsequence argument, we conclude that there is a subsequence A^ — > 
oo such that (Y,^,^) — > (S^ 1 , /Lt^) in the sense of measures for a fixed to < 0. 

We now show that, for any t < 0, the subsequence A/% which we have 
chosen above satisfies (X^ fc ,/i^ fe ) — > (E^?,^??) in the sense of measure. And 
consequently the limiting submanifold (E^,/i^) is independent of to- Recall 
that the following standard formula for mean curvature flows 

j t cf>drf = - jf a (0|H A | 2 + V<P • H A ) drf (22) 

is valid for any test function (f> G Cq°(M) (cf. (1) in Section 6 in [12] and [B] 
in the varifold setting). 

Then for any given t < integrating (22) yields 

I ^\ k ~ f = [° L (^I H aJ 2 + V0 • H Afc ) d&dt 

Jlj t *0 * 

-> as k -> oo by (17). 

So, for any fixed t < 0, (E**,//**) — > (E^,//^) in the sense of measures as 
fc — > oo. We denote (E^,/x^) by (E 00 ,^ 00 ), which is independent of to- 

The inequality (21) yields a uniform upper bound on R- n rf k (Et k nB R (0)), 
which yields finiteness of the multiplicity of E°°. Q.E.D. 

Definition 2.4 Let (Xq, T) be a singular point of the mean curvature flow of 
a compact Lagrangian submanifold So in a compact Calabi-Yau manifold M. 
We call (E 00 ,^ 00 ) obtained in Proposition 2.3 a A tangent cone of the mean 
curvature flow E t at (Xq , T) . 
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3 Rectifiability of A tangent cones 



In this section we shall show that the A tangent cone S°° is W^-rectifiable, 
where TC n is the n-dimensional Hausdorff measure. 



Proposition 3.1 Let M be a compact Calabi-Yau manifold of complex di- 
mension n. If the initial compact submanifold So is Lagrangian and almost 
calibrated by Re£l, then the A tangent cone (S 00 ,^ 00 ) of the mean curvature 
flow at (Xq,T) is TL n -rectifiable. 



Proof: Let (^, d Vt) = (^t,dp? k ). We set 



A R =lt€ (-oo,0) 



lim 



\H k \ 2 dtf^0\, 



and 



A = (J A R . 

R>0 



\D ± r\ 



Denote the measures of Ar and A by \Ar\ and \A\ respectively. It is clear 
from (17) that \A R \ = for any R > 0. So \A\ = 0. 

For any £ G choose £ with — > £ as A; — »■ oo. By the mono- 
tonicity identity (17.4) in [Sil], we have 

-- f (x-fa.HJ^-l^drf, (23) 
nJ Bp (z k ) \r? p n J 

for all < a < p, where p^ (B a (£ k )) is the measure of n B a ((^ k )), r = r(x) 
is the distance from £ k to x, r a = max{r, a}, and D^r denotes the orthogonal 
projection of Dr (which is a vector of length 1) onto (T^Sj)- 1 . Choosing 
t A, we have 

lim / |H fc | 2 d^ = 0. 
Holder's inequality and (21) then lead to 



lim 

fc^oo 



k\ 2 dp k 



= 0. 



(24) 
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Letting k — > oo in (23) and using (24), we obtain 

for all < a < p. By (21) we know that 

lim /5 -> oo (i? p (0)<C<oo. 

Therefore, \\m p ^Q p" n p°°{B p {^)) exists. 

We shall show that there exists a positive number ro such that for any 
< r < ro < 1 the following density estimate holds 

,i s ,- > ~ (Bp (Q,> i - ( -L_>0 (25) 

for some positive constant c(n) which will be determined below. Assume (25) 
fails to hold. Then there is po > such that 

By the monotonicity formula (23) and that p k converges to p°° as measures, 
there exists ko > such that, for all < p < 2po and k > k$, we have 

'^M < (26) 

Take a cut-off function p G Cq°(B p (£)) on the 2n-dimensional ball B p {^) so 
that 

^ = 1 in B f (0 

< <f> p < 1, and |V0 P | < -, in B p (£). 



^From (22), we have 



< Cp' n ( ( IHkfdp^ds + Cp- 71 - 1 [ [ \Hk\dn*ds 

Jt-r 2 JB p {£) Jt-r* JB p {£) 

< Cp~ n f f IHtfdp'ds + Cp-"- 1 f (f \n k \ 2 dA ' p k s (B p (oy/ 2 ds 

Jt~ r 2 Jb p (o Jt-r 2 \Jb p (o J 

< Cp- n { { \n k \ 2 dp k s ds + Cp- n / 2 - 1 [ if \H k \ 2 dp k ) ds by (21) 
-> 0, as k -> oo by (17). 
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Here we have used C for uniform positive constants which are independent of 
k and p. Therefore, there are constants S\ > and k\ > such that for all p 
and k with 0<p<<$i,0<r<l, and k > k\ the estimate 

p- n ptAm)) < < 1 ( 27 ) 

holds. Let daf_ r2 be the area element of dB p (£) n S^_ r2 . By the co-area 
formula, for < r « 1, for a smooth cut-off function </> with support in the 
2?vdimensional ball B$ 1 (0) in R 2n with < 4> < 1,0=1 in Bg 1 / 2 {0), we have 



k 

t—r 



2 



< - 1 /0 — / / e &daf ,, 2 dp 

- ( 47r )n/2 r n J Q y aB (f)nE * 



t-r 2 

<5i o 2 



< 



(4 



-i^/; e -^|-Voi W 0n S t r2 ^ 



< w4^ Vol( ^ l(0nS ^ 2))e "^ 

(c(n) + 1)W 2 7o 6 " 2™r n 4r 2 
by integration by parts and (27). By (21), 

Vol(%(0 n S t fe _ J . 2 ))e"3^ < C ( ± ) e -3^ = o(r ). 



Letting y = p/2r we have 

and there is an explicit formula for c(n) depends on whether n is odd or even. 
Thus we conclude 

$ k (Z,t,t-r 2 ) < l + o(r). 

For any classical mean curvature flow Tf in a compact Riemannian manifold 
which is isometrically embedded in H N , White proves a local regularity the- 
orem (Theorem 3.1 and Theorem 4.1 in [Whl]): When dinT^ = n, there is a 
constant e > such that if the Gaussian density satisfies 

Pfk L /,-jL/9 ex p \- v -rj I ^(y) < 1 + e > 



r^oJ r _ 2 (47rr 2 ) n / 2 I 4r 2 
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then the mean curvature flow is smooth in a neighborhood of x. Combining 
this regularity result with (28), we are led to choose r > sufficiently small 
and then conclude that 

sup |Afc| < C 

and consequently converges strongly in B r (£)r\T, k to ££°ni? r (£;), as k — > oo. 
So S°° n -B r (£) is smooth. Smoothness of S°° n B r (£) immediately implies 

limp-V°(5 p (0) = l. 

This contradicts (26). Hence we have established (25). 

In summary, we have shown that lim p ^o P~ n H 00 (B p{Q) exists and for H n 
almost all £ £ 

i^<>VM<» (») 

Finally, we recall a fundamental theorem of Priess in [P] : if < m < p are 
integers and f2 is a Borel measure on R p such that 

, n(B r (x)) 

< lim v v n < oo, 

r^O r m 

for almost all x £ fi, then is m-rectifiable. Now we conclude from (28) that 
(S 00 ,^ 00 ) is W n -rectifiable. Q.E.D. 

4 Minimality of the A tangent cones 

In this section, we will show that the A tangent cone S°° is a stationary integer 
multiplicity rectifiable current in R 2n . 

Theorem 4.1 Let M be a compact Calabi-Yau manifold. If the initial com- 
pact submanifold is Lagrangian and is almost calibrated by ReQ, then the A 
tangent cone S°° is a stationary rectifiable Lagrangian current in R 2n with 
volume density greater than one at Xq . 

Proof: Let V k be the varifold defined by S*. By the definition of varifolds, we 
have 

for any -ip £ C° (G 2 (R 2n ), R), where G 2 (R 2n ) is the Grassmanian bundle of 
all n-dimensional planes tangent to in R 2n . For each smooth submanifold 
S t fe , the first variation 5V t k of V k (cf. [A], (39.4) in [Sil] and (1.7) in [12]) is 

6V t k = -tflH k . 
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By Proposition 2.2, we have that SV k — > at t as k — ► oo. 

Recall that a /c-varifold is a Radon measure on G k (M), where G k (M) is 
the Grassmann bundle of all fc-planes tangent to M. Allard's compactness 
theorem for rectifiable varifolds (6.4 in [A], also see 1.9 in [12] and Theorem 
42.7 in [Sil] ) asserts the following: let be a sequence of rectifiable 

fc-varifolds in M with 

sup(m(U) + \5Vi\{U)) < oo for each U CC M. 
i>i 

Then there is a varifold (V, fi) of locally bounded first variation and a subse- 
quence, which we also denote by (V^,/Xj), such that (i) Convergence of mea- 
sures: — ► fx as Radon measures on M, (ii) Convergence of tangent planes: 
Vi — ► V as Radon measures on G k (M), (iii) Convergence of first variations: 
5Vi — > 6V as TM-valued Radon measures, (iv) Lower semicontinuity of total 
first variations: \SV\ < liminfj^oo \5Vi\ as Radon measures. 
By (iii) in Allard's compactness theorem, we have 

LHoo = 5V°° = lim SV t k = 0. 

Therefore S°° is stationary. The rescaling process in a neighborhood of Xq 
in M implies that the metrics g A tends to the flat metric on R 2n and the 
Kahler 2-form uj x tends to a constant closed 2-form ujq which is determined by 
ujq(0) = uj(Xq). The tangent spaces to Y* k converge to that to S°° as measures 
by (ii) in Allard's compactness theorem. Hence w Afe | S fe — ► wo|e°°- But is 

Lagrangian, it follows w Afc | E fe = therefore wo|e°° = 0. Therefore, S°° is a 
Lagrangian. 

On the other hand, as A — > oo in the blow-up precess, the holomorphic 
(n, 0)-form i7 converges to a constant holomorphic (n, 0)-form f2o on R- n de- 
termined by fio(0) = £1(Xq). We write 

ReO |s°° = Ood/J-°°, 

ReO Afc | E fc = cos Q\ h d\x\ 
and from Allard's compactness theorem 

Rer2 Afe | E fe — > Re^o|s°°, 

and the tangent cone S°° is of integer multiplicity by the integral compactness 
theorem of Allard ([A] and [Sil] 42.8). It follows that Rer2 |s°° > 0, which 
implies that the tangent cone S°° is orientable. Since S°° is of integer mul- 
tiplicity, we have that cfyx°° = r)(x)H n where rj(x) is a locally H ra -integrable 
positive integer-valued function. So the cone is an integral current (see Defi- 
nition 27.1 in [Sil]). 
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We now show that the volume density of S°° at Xq is greater than 1. 
Otherwise, we would have 

lim — !— n°°(B p (0)) < 1 
where uj n is the volume of the unit n-ball in R n : 

W 2 



L0 V 



It then follows from (23) that for any e > 0, there are 5 > and ko > such 
that for any < p < 25 and k > ko, 



p- n p k _ r2 (B P (0)<u n (l + e) (29) 

for any fixed r > 0. The choice of r will be based on the following observation. 
Set 

where 4> is supported in Bs(0) and < 4> < 1,0= 1 in Bg/ 2 (0). Then we have 
<*>(F fc ,0,0,0-r 2 ) < - 1 f f e~£dp k _ r2 



1 



" (4vrr 2 )«/ 2 Jo 6 JdB p (0)n^_ r2 ^ 



< 



< 



(4^r e ^^ voi( ^ (o)ns ^)^ 

+ (i^2 e "^ Vol (^(0)nst r2 ) 

(1 + eK ? s » 2 » n+1 
(1 + e)w n fiT 7 n 



% J q e-^P^dp + o(r) by (29) and (21) 



/ ^ e ^ fcfe + M 
< 1 + e + o(r) 



because T(| + 1) = J °° e x x^dx. Choosing r > sufficiently small, we there- 
fore have 



$(F, X ,T, T - A* V) = $(F k , 0, 0, - r z ) < 1 + e. 

Now by White's local regularity theorem ([Whl] Theorem 3.1 and Theorem 
4.1, also see [E2]), (Xq, T) could not be a singular point of the mean curvature 
flow. This is a contradiction. Q.E.D. 
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5 Flatness of A-cone in dimension 2 



Regularity of the A tangent cone can be greatly improved in the 2-dimensional 
case: dime M = 2. 

Theorem 5.1 Let (M, Q) be a compact Calabi-Yau manifold and let So be 
a compact Lagrangian surface in M which is almost calibrated by Refl. If 
< T < oo is the first blow-up time of a mean curvature flow of So in M, 
then the A tangent cone at (Xq,T) consists of a finite union (but more than 
two) 2-planes in R 4 which are complex in a complex structure on R 4 . 

Proof: We use the same notation as that in the proof of Theorem 4.1, we shall 
show that #o is constant H 2 a.e. on S°°. To do so, we claim that for any r > 0, 
£i, £ 2 G S t fc n B R/2 {0) the following holds 



[ cos Oudut j— f 

Voi(5 r (6) n E*) JBA^n^ m Voi(i? r (6) n s t fc ) J Br (b)n^ 



< .ru^L^ ■ TT^TV^ I , |Vcose fe | drf, (30) 



cos O^dfif 

^t) ^Br(&)ns* 

_ - - _ . \X7 nna //. I r]t, k 

Vo\{B r {&) n S t fe ) Vol(B r (&) n S t fe ) ./B«(o)nE* 

where B r (£i), i = 1, 2, are the 4-dimensional balls in M. To prove (30), let us 
first recall the isoperimetric inequality on S^ (c.f. [HSp] and [MS]): let B^{p) 
be the geodesic ball in S*, with radius p and center p, then 

Vol(5») < C (length(3(Bj(p))) + / |H fc |^A 

< C ^length(S(Bj(p))) + {j^ |H fc | 2 d^ ' Vol 1 / 2 ^)^ , 

for any p G Ej? , and any p > 0, where C does not depend on k, p, and p. By 
Proposition 2.2, we have 

/ IHJ 2 ^? — »■ as k — »■ 00. 

7b* (p) 

So, for fc sufficiently large, we obtain: 

Vol(Bj(p)) < C (length(<9(i?»))) 2 . 
In particular, for k sufficiently large, the isoperimetric inequality implies 

Vol(Bj(p)) > Cp 2 , (31) 
where C is a positive constant independent of k, p and p. 



17 



Suppose that the diameter of -B r (£) fl is dk(£,). Then 



Cr 2 > 



yd* (0/2 r 
JO Jd 



dl4 by (21) 



dadp for some p£ E t 



> 



> 



/ Vol 1/2 (^(p))d/9 + o(l), o(l) ->■ as A; ->■ oo 

Jo 



d*(0/2 



Cpcip + o(l) by (31) 



> cd fc (0 2 +o(l) 
We therefore have, for any £, 



d fc (0<Cr + o(l) 



(32) 



where the constant C is independent of £ and fc. 

For any fixed 77 G A- (£2) H E^ and any £ G fi r (^i) n , we choose a 
geodesic connecting 77 and £, call it a ray from 77 to £. Take an open tubular 
neighborhood U(l„^) of Z^ in E^. Within this neighborhood U(l^), we call 
the line in the normal direction of the ray the normal line which we denote 
by n(l v ^). It is clear that 



cos #£.(£) — cos 9 k(ri) = / d[ cos 9 kdl 

Jl v( 



(33) 



where dl is the arcdength element of Z„£. Choose r small enough so that 
B r (£i) H is contained in 17(1^). Keeping 77 fixed and integrating (33) with 
respect to the variable £, first along the normal direction n(/^ x ) and then on 
the ray direction , we have 



Vol(B,({,)nE? 



/ 



(5i)ns t fc 
<4(£i) 



cos 9k(Qdi4 - cos 9 k (rj) 



< ; — 7—, / / / N cos 9 k \dldn(£)dp 



< 



< 



1 



<4(£i) 



Vol(B r (£i)nS*) 7o 
Cr /" 
Vol(B r (6) nSf) /b^o) 



I V cos 9k \ dfifdp 



Br(0) 

Vcos fe | dfif, 



(34) 



here in the last step we have used (32). From (34), integrating with respect to 
7] in B r (^)nEf and dividing by Vol(-B r (£2)nXj), we get the desired inequality 
(30). 
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For i = 1, 2 Holder's inequality and (21) lead to 

/ \ 1/2 

/ |Vcos0 fc | < CV I / |Vcos 9 k \ 2 drf J . 

The triangle inequality implies -B^? (&) C B r (£i) PI for i = 1, 2; therefore by 
(31) 

Vol(B r (&) n S t fc ) > Vol^fe)) > Cr 2 . 

Now first letting k — > oo in (30) and using that the right hand side of (30) 
tends to by Proposition 2.2, and then letting r — > 0, we conclude that is 
constant W 2 a.e. on 

The (2, 0)-form f^o is fixed by fi(Xo) hence it has unit length. In the 
complex structure Jx on R 4 , f2o = dz\ A dz 2 . We define a new complex 
structure J* on R 4 : 

j*{d/d Xl ) = e (d/d yi ), T{d/d yi ) = -i/e (d/d Xl ), 
r(d/dx 2 ) = i/e (d/d y2 ), r{d/d y2 ) = -e (d/dx 2 ). 

In J*, the complex coordinates are: z\ = xi + yJ—lO^yi, z 2 = 9 (j 1 x 2 + \/— ly 2 . 
Then Qq = dz\ A dz 2 satisfies that Rer2o|s°° = dfi 00 . 

We can further choose a new complex structure J' on R 4 such that Qq 
is of type (1, 1) in J'. In fact, if we express J* in the local coordinates 
xi,0 1 y 1 ,6 1 x 2 ,y 2 by 

r-(i °\, wi,h r f o i\ 



o i r \ -l o 



then we can take 



J' = 



I 
-I 



Therefore S°° is a stationary rectifiable current of type (1, 1) with respect to 
the complex structure J' . By Harvey-Shiffman's Theorem 2.1 in [HS], S°° is a 
J'-holomorphic subvariety of complex dimension one. It then follows that the 
singular locus S of E°° consists of isolated points. 

Without loss of any generality, we may assume G S°° where is the 
origin of R 4 . In fact, if not, S°° would move to infinity, then we would have 

X ,T, T - Xfr 2 ) = $(F k , 0, 0, - r 2 ) as k oo. 

But White's regularity theorem then implies that (Xq,T) is a regular point. 
This is impossible. 

There is a sequence of points X k G satisfying X k — > as k — > oo. By 
Proposition 2.2, for any s± and s 2 with — oo < s\ < s 2 < and any R > 0, we 
have 



S2 

k 



si Jx*nB R (o) 



2 , 

d\i t dt — > as — > oo. 
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Thus, by (21) 



lim 

k~>ooJ Sl JT,^f\B R {0) 
< 2 lim / 2 / 
= 0. 



2 



dtfdt + C(s 2 - si)ir lim \X k \' 

k— >oo 



Let us denote the tangent spaces of at the point Fk(x,i) and of S°° at 
the point F°°(x,t) by TY% and TS°° respectively. It is clear that 



(F k - Xu) 1 - = dist (X k ,T^), 



and 



(Foo) 1 - = dist (0,T£°°). 
By Allard's compactness theorem, we have 



rs2 r 2 f s 2 r 

/ / (Foo) X = / / 



si JT,~T\B R (0) 

= lim / 

k^ooJ Sl Js t fe ns fl (o) 

= lim / / 

= 0. 



| dist (0,TT,°°)\ 2 dfj,°°dt 



dist (X fc ,TS t fc ) d/z?dt 
(F fc - Xk) 1 - 2 d/i*dt 



Therefore F^ = 0. Differentiating (Fx,, v a ) = 0, inner product is taken in R 4 , 
leads to 

= (diFoo^a) + (F^diVa) = (Foo^iVa). 

Because c^Fx, is tangential to by Weingarten's equation we observe 

{h oo )i j (F oo ,e j ) = for all a, i = 1,2. 

Since either (F^ei) ^ or (F OQ ,e2) ^ 0, we conclude det(/i£-) = 0. Recall 
ft"! + /i22 = 0. It then follows hfj = 0, for i,j, a = 1, 2. Now we conclude that 
S°° consists of flat 2-planes. Q.E.D. 

6 Tangent cones from a time dependent 
scaling 

In this section, we consider the tangent cones which arise from the rescaled 
submanifold S s defined by 



1 



(35) 
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It is clear that 



where s = — \ log(T — t), cq < s < oo. Here we choose the coordinates so that 
Xo = 0. Rescaling of this type was used by Huisken [H2] to distinguish Type 
I and Type II singularities for mean curvature flows. Denote the rescaled 
submanifold by £ s . From the evolution equation of F we derive the flow 
equation for F 

—F(x,s)=U(x,s) + F(x,s). (36) 

OS 

cos 9(x,s) = cos 6*(x,i), 

|H| 2 (x,s) = 2(T-t)|H| 2 (x,t), 

|A| 2 (x,s) = 2(T-t)|A| 2 (x,t). 

We set v(x, t) = cos #(x, s). 

Lemma 6.1 Assume that (M, CI) is a compact Calabi-Yau manifold and S t 
evolves by a mean curvature flow in M with the initial submanifold So being 
Lagrangian and almost calibrated by Refl. Then 

- Aj v(x, s) = |H| 2 £(x, s). (37) 

Proof: One can check directly that 

^- - &) cos q(x, s) = 2(T - t) - A) cos a(x, t). 



It follows that 

§- s -A)v{x,s) = 2{T-t)[^-£^v{x t t) 

> 2(T-t) \U\ 2 v(x,t) 

= \H\ 2 v(x,s). 

This proves the lemma. Q.E.D. 

Next, we shall derive the corresponding weighted monotonicity formula for 
the scaled flow. By (37), we have 

d__^\}_ |H| 2 2|W| 2 



Let 



ds J v v v 3 



p(X) = exp ( --\X\ 2 



Jt, s v 
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Lemma 6.2 There are positive constants c\ and c<i which depend on M , Fq 
and r which is the constant in the definition of <p, so that the following mono- 
tonicity formula holds 

d , N _ CN / f 1 



ds 



exp(cie _s )tf (s) < -expfcie"*) ( f \<j>p(F) H + F 1 2 djl s 



Proof: Note that 



r l ~ |H| 2 r 2 ~ 2 ~ \ 

+ L =<f>p(F)^-dji s + / ^ W cj)p{F)dp s J 
+c 2 exp(cie~ s ). (38) 

F(M) 



By the chain rule 



F(x,s) = 

H(x,s) = y/2{T-t)H{x,t), 
|W| 2 (x,s) = 2(T -t)\Vv\ 2 {x,t). 



ds ~ dt 



and the monotonicity inequality (9) for the unsealed submanifold, we obtain 
the desired inequality. Q.E.D. 

Lemma 6.3 Let (M, fi) 6e a compact Calabi-Yau manifold. If the initial com- 
pact submanifold So is Lagrangian and almost calibrated by ReVt, then there 
is a sequence Sk — ► oo such that, for any R > 0, 



[ \V cos 9\ 2 dp, Sk -> as k ^ oo, (39) 

./E Sfc nB K (0) 

/ |H| 2 d^ Sfc -► as /c ^ oo, (40) 

is.,, nB B a» 



and 



/E Sfc ns fl (o) 
Proof: Integrating (38), we have 

1 



L \F ± \ 2 dJi Sk ^Q as k^oo. (41) 

J?,., ns R (o) 



oo > I -<f>p(F) H + F d/2 8 ds 



2 



/•oo ( r \ „ IHI 2 /" 2 ~ \ 

+ / ML ^<t>p{F)-^-djx s + / ^|V£| 2 #o(F)dj5 s ds. 



Hence there is a sequence — > oo, such that as — > oo 



L Up{Fy^-dp Sk - 0, 
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k 



and 

l<f>p(F) U + F ±2 d]l Sk 0. 

Since v has a positive lower bound, the proposition now follows. Q.E.D. 

The proof of the following lemma is essentially the same as the one for 
Proposition 3.1, except there are two parameters X,t for the A tangent cones 
but only one parameter t for the time dependent tangent cones. Note that the 
alternative proof given in [CL1] using the isoperimetric inequality only works 
in dimension 2. 

Lemma 6.4 There is a subsequence of s^, which we also denote by s^, such 
that (Y, Sk ,dji Sk ) — > (Soojd/Ioo) in the sense of measures. And (E^d/Ioo) is 
H n -rectifiable. 

Proof: To show the sub convergence, it suffices to show that, for any R > 0, 

ts k @, k riB R (o))<cir, (42) 

where B R (0) is a metric ball in R 2n , C > is independent of k. Direct 
calculation leads to 

^P Sfc nB K (0)) = (2(T-t))- n ' 2 f d& 

= R n (\f2e- Sk R)~ n f dm 

v > is T _ e2sfe nB^ e _ Sfcfl (0) 

1 1 i-y_-^oi 

< Ci? n * (0,T + (V2e~ a *#) 2 - e 2Sfc ,T - e 2Sfc ) 
By the monotonicity inequality (9), we have 

ji Sk (Z Sk nB R (0)) < CR n $(0,T+(V2e- Sk R) 2 - e 2s " ,T/2) + CR n 
< C ^ T/2) R- + CR\ 

- T n/2 minSo y 

Since volume is non-increasing along mean curvature flow, we see 

]l Sk (f] Sk nB R (0))<CR n . 

We now prove that (Socd/^) is 7Y n -rectifiable. For any £ G Sqo, choose 
^ G S Sfc with ^ — > £ as k — > oo. By the monotonicity identity (17.4) in [Sil], 



< CR n / ; = e ^e-tiic 
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we have 



for all < a < p, where p Sk (B a (^k)) is the area of S^fl-Bo-^), r a = max{r, a} 
and D ± r denotes the orthogonal projection of Dr (which is a vector of length 
1) onto (T^E^)- 1 . Letting k — > oo, by Lemma 6.3, we have 

for all < a < p. Therefore, lim p ^o P n J l oo{B p {^)) exists and is finite by (42). 

By converting s to t, the argument for the positive lower bound of the 
volume density in the proof of Proposition 3.1 carries over to the present 
situation. 

We conclude that lim^o P _n /Ax>(-Bp(£)) exists and for 7i n almost all £ G 

Soo ! 

< C < lim jr n Moo(£ p (0) < 00 • ( 44 ) 

Priess's theorem in [P] then asserts the W n -rectifiability of (Soo, djloo). Q.E.D. 

Definition 6.5 We call (Em,^) obtained in Lemma 6.4 a tangent cone of 
the mean curvature flow T, t at (Xq,T) in the time dependent scaling. 

With the lemmas established in this section, by using arguments completely 
similar to those for the A tangent cones in the previous sections, we can prove 

Theorem 6.6 Let (M, fi) be a compact Calabi-Yau manifold. If the initial 
compact submanifold So * s Lagrangian and almost calibrated by Re O and T > 
is the first blow-up time of the mean curvature flow, then the tangent cone T,^ 
of the mean curvature flow at (Xq,T) coming from time dependent scaling is 
a rectifiable stationary Lagrangian current with integer multiplicity in R 2n . 
Moreover, if M is of complex 2- dimensional, then Soo consists of a finitely 
many ( more than 1 ) 2-planes in R 4 which are complex in a complex structure 
on R 4 . 

The result below can also be found in [Wa]. 

Corollary 6.7 If the initial compact submanifold So is Lagrangian and is al- 
most calibrated in a compact Calabi-Yau manifold (M, Q), then mean curvature 
flow does not develop Type I singularity. 



p- n ~p Sk {B P {tk)) 

(x - £ fe ) • H fe 



\D ± r\ 



1 1 



dp 



dp. 



Sfc) 



(43) 
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Proof: Let Xq be a Type I singularity at T < oo and set A = maxs t |A| 2 . The 
A tangent cone Eqo is smooth if T is a Type I singularity. Therefore Sqo is 
a smooth minimal Lagrangian submanifolel in C n by Theorem 6.6. Because 
Sqo is smooth, (18) implies = everywhere. The monotonicity identity 
(23) then implies <r~ n ^(S 00 n B a (0)) is a constant independent of a, and the 
volume density ratio at is one due to the smoothness of Sqq, so Sqq is a flat 
linear subspace of R 2n . But the second fundamental form of Eqo has length 
one at according to the blow-up process, and the contradiction rules out any 
Type I singularity. Q.E.D. 
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